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We study the ritial properties of a twodimensional Ising model with ompeting ferromagneti
exhange and dipolar interations, whih models an ultra-thin magneti lm with high outofplane
anisotropy in the monolayer limit. We present numerial evidene showing that two dierent se-
narios appear in the model for dierent values of the exhange to dipolar intensities ratio, namely,
a single rst order stripe - tetragonal phase transition or two phase transitions at dierent temper-
atures with an intermediate Ising nemati phase between the stripe and the tetragonal ones. Our
results are very similar to those predited by Abanov et al [Phys. Rev. B 51, 1023 (1995)℄, but
suggest a muh more omplex ritial behavior than the predited by those authors for both the
stripe-nemati and the nemati-tetragonal phase transitions.
We also show that the presene of diverging free energy barriers at the stripe-nemati transition
makes possible to obtain by slow ooling a metastable superooled nemati state down to tempera-
tures well below the transition one.
PACS numbers: 75.70.Kw,75.40.Mg,75.40.Cx
Keywords: ultra-thin magneti lms, Ising model
I. INTRODUCTION
The study of thin magneti lms have deserved an in-
reasing interest during the last deade, both on their
experimental and theoretial aspets. Besides the great
amount of tehnologial appliations related to their
magneti behavior, as for instane, data storage, these
studies have also faed statistial physiists with the hal-
lenge of trying to answer many foundational question re-
garding the role of mirosopi ompeting interations
on the marosopi stati and dynamial behavior of two
dimensional systems. Moreover, the onstant develop-
ment of novel methods for onstruting ultra thin lms,
together with a signiant improvement in the quality
of tehniques for measuring nanosopi magneti stru-
tures,e have open many fasinating questions, many of
them still open.
Many ultrathin magneti lms, like e.g. Co/Cu,
Co/Au, Fe/Cu, undergo a reorientation transition at a
temperature TR in whih the spins align preferentially
in a diretion perpendiular to the lm
1,2,3
. This re-
orientation transition is due to the ompetition between
the in-plane part of the dipolar interation and the sur-
fae anisotropy
4
. Furthermore, in the range of tem-
peratures where the magnetization points out of the
plane, the ompetition between exhange and dipolar
interation auses the global magnetization to be ee-
tively zero but instead striped magneti domain patterns
emerge
3,5
. In the limit when the stripe width is muh
larger than the domain walls, the walls an be approx-
imated by Ising walls and the system an be onsid-
ered as an Ising system of interating domain walls
4
.
In spite of intense theoretial
3,4,5,6,7,8,9,10,11,12,13,14
and
experimental
1,2,15,16,17
work on the behavior of ultrathin
magneti lms, the preise nature of the phases and the
relaxational dynamis aspets of these systems is still
poorly understood. In Monte Carlo simulations of an
Ising model on a square lattie, Booth et al.
5
found ev-
idene of a stripe phase a low temperatures, with orien-
tational and positional order reminisent of the smeti
order in liquid rystals. These authors found a transi-
tion from a stripe phase to a high temperature phase
with broken orientational order, alled tetragonal liq-
uid phase. In this phase domains of stripes with mu-
tually perpendiular orientations emerge and form kind
of labyrinthine patterns. At still higher temperatures
these domains ollapse and the system rosses over on-
tinuously to a ompletely disordered behavior. From nu-
merial data for the spei heat these authors found
evidene of a ontinuous stripe/tetragonal-liquid transi-
tion. However, it has been argued that the transition
observed by Booth et al should orrespond to a nemati-
tetragonal phase transition
4
. Moreover, reent numeri-
al results using time series methods on the same model
with the same parameters values suggest that suh tran-
sition is not ontinuous but it is a rst order one
14
. In
an important ontribution Abanov et al.
6
analyzed the
dierent phases whih ould emerge from a ontinuous
approximation to the domain wall rystal. They pre-
dited two possible senarios in zero magneti eld. In
the rst senario a smeti-like low temperature phase
with spatial orrelations deaying algebraially with dis-
tane appears at low temperatures.In this phase there
is quasi long range order (QLRO) and the orientational
order parameter is non zero. The proliferation of bound
disloations pairs at higher temperature auses QLRO to
be destroyed through a Kosterlitz-Thouless phase tran-
sition to a nemati-like phase. In this phase only orien-
tational order is observed. At still higher temperatures
2even orientational order is destroyed through the appear-
ane of domains of perpendiular stripes. This is the
tetragonalliquid phase. Sine Z2 orientational symme-
try is restored at this transition the authors speulated
that this transition should be in the Ising universality
lass. In the seond senario the system is not able to
sustain a purely nemati phase and goes from the sme-
ti diretly to the tetragonal liquid through a rst order
transition. Reently Cannas et al.
13
found numerial ev-
idene of this seond senario, also supported by a on-
tinuous approximation with a Landau-Ginzburg Hamil-
tonian, from whih a utuation-indued rst order tran-
sition is predited. Up to now no evidene was found of
the rst senario predited by Abanov et al. In this paper
we show that for large enough system sizes, Monte Carlo
simulations of the same model studied in
5,13
support the
appearane of a sequene of two phase transitions of the
kind predited by Abanov et al. when the width of the
equilibrium stripes is large enough, while for thin stripes
the seond senario with a unique transition is found.
We onsider a system of magneti dipoles on a square
lattie in whih the magneti moments are oriented per-
pendiular to the plane of the lattie, with both nearest-
neighbor ferromagneti exhange interations and long-
range dipole-dipole interations between moments. The
thermodynamis of this system is ruled by the dimen-
sionless Hamiltonian
18
:
H = −δ
∑
<i,j>
σiσj +
∑
(i,j)
σiσj
r3ij
(1)
where δ stands for the ratio between the exhange J0 > 0
and the dipolar Jd > 0 interations parameters, i.e.,
δ = J0/Jd. The rst sum runs over all pairs of near-
est neighbor spins and the seond one over all distint
pairs of spins of the lattie; rij is the distane, measured
in rystal units, between sites i and j. The energy is
measured in units of Jd. The overall (known) features
of the equilibrium phase diagram of this system an be
found in Refs.
3,5,11,13,14,19
, while several dynamial prop-
erties at low temperatures an be found in Refs.
7,9,10,12
.
The threshold for the appearane of the stripe phase in
this model is δc = 0.425
18,19
. As δ inreases the sys-
tem presents a sequene of striped ground states, har-
aterized by a onstant width h, whose value inreases
exponentially with δ19.
We show that energy and orientational order param-
eter histograms present a sequene of three peaks for
δ = 2, orresponding to three dierent thermodynami
phases, while for δ = 1 only two peaks are observed,
onsistent with the presene of only one phase transi-
tion. In the rst ase we show that the intermediate
phase presents long range orientational order but no long
range positional order, onsistently with a nemati phase.
Our results show that the low energy phase is a striped
one. We did not nd evidene of smeti order, although
the possible existene of algebrai deaying orrelations
(near and below the transition temperature), strongly
hidden by nite size eets, annot be exluded. Finite
size saling analysis of spei heat and the fourth or-
der umulant of the energy give evidene of a rst order
transition between the nemati and tetragonal phases.
However, the analysis of the orientational order param-
eter histograms suggests the existene of more than one
nemati phases for muh larger system sizes than the
ones onsidered here. On the other hand, the stripe-
nemati phase transition shows unusual features, some of
them harateristi of a rst order transition, but some
other properties strongly resembling those observed in a
Kosterlitz-Thouless (KT) phase transition.
For δ = 1 a unique weakly rst order phase transition
is supported by diret thermodynami analysis through
a omputation of the free energy of the dierent phases.
In the last setion we show that the previous thermo-
dynami behavior is also supported by out of equilib-
rium measurements during quasi-stati ooling/heating
yles, where strong metastability is observed at the
stripe-nemati phase transition. This behavior is on-
sistent with the observation of asymptotially divergent
free energy barriers at this transition.
II. THE ISING NEMATIC PHASE
We rst analyzed the equilibrium histograms P (E/N)
for the energy per spin at dierent temperatures T and
dierent system sizes L. For every system size and ev-
ery temperature the orresponding energy histogram was
alulated by reording the energy values during a single
MC run. Before starting to reord the energy we left the
system run a transient period of M1 MC steps (MCS) in
order to equilibrate. After that period we reorded the
energy values overM2 MCS. A MCS is dened as a om-
plete yle of N spin update trials, aording to a heat
bath dynamis algorithm. For every pair of values of T
and L we heked dierent values of M1 and M2 in order
to ensure a stationary distribution P (E/N). Typial val-
ues of M1 were between 10
6
and 2×107 MCS, while typ-
ial values of M2 were between 2× 10
7
and 2× 108 MCS.
A similar alulation was arried out to obtain the equi-
librium histograms of the orientational order parameter
5
η ≡
nv − nh
nv + nh
(2)
where nv (nh) is the number of vertial (horizontal)
bonds between nearest neighbor antialigned spins. This
parameter takes the value +1 (−1) in a ompletely or-
dered horizontal (vertial) striped state, while it equals
zero in any phase with 90o rotational symmetry, thus
desribing the 90o rotational symmetry breaking.
We onentrated rst in analyzing the δ = 2 ase (h =
2 striped ground state). In Fig.1 we show the behavior
of P (E/N) for L = 56, δ = 2 and dierent temperatures,
while in Fig.2 we show the orresponding histograms for
the distribution of the absolute value of the orientational
order parameter P (|η|).
3FIG. 1: Energy per spin probability distributions (normalized
histograms) for δ = 2 and L = 56.
The presene of pairs of peaks in both the energy per
spin and the orientational order parameter distributions,
loated at three distint ranges of values, is a lear signa-
ture of the existene of three dierent phases, with two
phase transitions between them. The low energy peak
is assoiated with a peak in the order parameter en-
tered around |η| ≈ 1, thus orresponding to a phase with
long range orientational order. Moreover, an analysis of
a stripe order parameter introdued below (and also a di-
ret inspetion of the typial spin ongurations at those
energies) shows that this is an ordered striped phase with
h = 2. The highest energy peak is assoiated with a peak
in the order parameter entered at η = 0. A diret in-
spetion of the assoiated typial spin ongurations at
those energies shows indeed that they orrespond to a
tetragonal liquid phase. On the other hand, the inter-
mediate energy phase is assoiated with a peak of the
order parameter entered around |η| ≈ 0.81, thus orre-
sponding to a state with broken 90o rotational symme-
try. In Fig.3a we illustrate a typial spin onguration
in this intermediate phase for L = 64 and T = 0.78. We
see that this phase is haraterized by a high density of
topologial defets, mainly disloations in the diretions
FIG. 2: Orientational order parameter probability distribu-
tions (normalized histograms) for δ = 2 and L = 56.
of the underlying striped struture. The same type of
defets have been observed in Fe on Cu ultrathin lms
near the phase transition (see Fig.2 in Ref.
2
). Suh de-
fets redue the average value of the orientational order
parameter and their presene is in agreement with the
qualitative desription of the Ising nemati phase intro-
dued by Abanov and oauthors
6
. To onrm this as-
sumption we alulated the spatial orrelations along the
oordinate diretions given by
Cx(r) ≡
1
N
∑
y
∑
x
〈σx,y σx+r,y〉 (3)
Cy(r) ≡
1
N
∑
y
∑
x
〈σx,y σx,y+r〉 (4)
An example of the behavior of Cx(r) and Cy(r) in the
intermediate phase is shown in Fig.4 for L = 92 and
T = 0.78. This gure shows learly that the orrelations
deay algebraially in one of the oordinate diretions
and exponentially in the other.We see that the intermedi-
ate phase is haraterized by long range orientational or-
der but does no t present positional order. Although the
4FIG. 3: Typial spin ongurations in the nemati phases
for δ = 2 and L = 64. (a) T = 0.78, the orientational order
parameter for this onguration is |η| ≈ 0.8; (b) T = 0.807
and |η| ≈ 0.59
FIG. 4: Spatial orrelation funtions along the oordinate
diretions in a nemati phase for δ = 2, T = 0.78 and L = 92.
The ontinuous line orresponds to a tting using a fun-
tion f(r) = A exp (r/ξ) sin (k0 r + φ), with tting parameters
k0 = 1.47, ξ = 17.4 and φ = 1.63. Notie that k0 ≈ π/2,
the wave vetor of the striped struture with h = 2 (ground
state for δ = 2). The log-log plot of Cx in the inset shows
that it deays at large distanes with a power law r−ω, with
an exponent ω ≈ 0.12.
desription level of the elasti approximation of Abanov
and oauthors does not allow a simple derivation of the
spin-spin spatial orrelations, the above features are in
qualitative agreement with their haraterization of the
nemati phase.
To further haraterize the dierent phases we dened
a stripe order parameter through the stati struture fa-
tor
S(~k) ≡
〈∣∣σˆ~k∣∣2
〉
=
1
N2
∑
~r
∑
~r ′
C(~r, ~r ′)ei
~k.(~r−~r ′)
(5)
where σˆ~k =
1
N
∑
~r e
i~k~rσ~r is the disrete Fourier trans-
form of σ~r . It an be shown that in a pure striped
state of width h the only non-zero omponents orre-
spond to (kx, ky) = (0,±πp/h) (horizontal stripes) or
(kx, ky) = (±πp/h, 0) (vertial stripes), where p takes all
the odd integer values between one and h. For instane,
in a pure h = 2 vertial striped state it an be shown
that
S(~k) =
1
2
δky,0
(
δkx,π/2 + δkx,−π/2
)
(6)
Now, sine all the phases we are dealing with in this
ase present a disrete rotational symmetry, either of
90o or 180o respet to the oordinate axes, the maxima
of S(~k) will be loated at (kx, ky) = (±k0, 0) and/or
(kx, ky) = (0,±k0), with k0 some value lose to π/2.
Then we an dene the stripe order parameter as
ηs = 2 (S(k0, 0) + S(0, k0)) (7)
(this denition an be easily generalized to onsider un-
derlying ground states of arbitrary width h). This order
parameter will take values lose to one for states with
long range h = 2 stripe order and zero (in the thermo-
dynami limit) for any state without long range posi-
tional order. For instane, let us onsider a system in
whih orrelations deay exponentially in the x diretion
and remain almost onstant in the y diretion, namely,
C(~r, ~r ′) = exp (−λ|x− x′|) cos (k0 x); this is a rough ap-
proximation of the behavior we observe in Fig.4, where
the algebrai deay in one of the oordinate diretions is
extremely slow. Substituting into the denition of S(~k)
and replaing the sums by integrals, in the large L limit
we get
S(~k) ∼
δky,0
L
∫ ∞
0
e−λxcos(k0 x) cos kx x dx
∼
δky,0
2L
(
λ
(kx − k0)2 + λ2
+
λ
(kx + k0)2 + λ2
)
(8)
If the orrelation length ξs = λ
−1
is independent of the
system size we have that the stripe order parameter goes
to zero as ηs ∼ L
−1
when L→∞. In a tetragonal liquid
state we an assume for the orrelation the following form
C(~r, ~r ′) = e−λ(|x−x
′|+|y−y′|) cos(k0 |x−x
′|) cos(k0 |y−y
′|)
(9)
whih possesses the tetragonal symmetry. We have then
S(~k) ∼
1
4L2
(
λ
(kx − k0)2 + λ2
+
λ
(kx + k0)2 + λ2
+
λ
(ky − k0)2 + λ2
+
λ
(ky + k0)2 + λ2
)
(10)
whih reprodues the observed rown shape of the stru-
ture fator observed in a tetragonal liquid state, both in
5FIG. 5: (a) Stati struture fators S(k, 0) and S(0, k) at
T = 0.78 for dierent system sizes. The dashed lines orre-
spond to Lorentzian ttings f(k) = λ/((k − k0)
2 + λ2). The
upper inset shows the tted parameter k0 vs. L
−1
. The lower
inset shows that the maximum of S(~k) sales as L−1. (b)
2 L(S(k, 0) + S(0, k)) vs k/k0 for the same numerial data in
(a); the ontinuous line is a Lorentzian tting. The data ol-
lapse of the dierent urves shows that the whole urve S(~k)
sales as L−1, as predited by Eq.(8).
numerial simulations
3
and in Fe/Cu lms images
15
. In
this ase we have that the stripe order parameter goes to
zero as ηs ∼ L
−2
when L→∞.
We performed numerial alulations of the struture
fator in the three dierent phases for dierent sys-
tem sizes up to L = 72. First we alulated it in
the low energy phase by letting the system to equili-
brate from a vertial h = 2 ground state onguration
at T = 0.77, just below the estimated transition tem-
perature between the low and the intermediate energy
phases T1 ≈ 0.772 (see next setion). We found that
S(~k) = c δky,0 (δkx,π/2 + δkx,−π/2), where c quikly on-
verges to a value c ≈ 0.48 onsistently with Eq.(6), thus
onrming the long range stripe harater of the low en-
ergy phase. Next we let the system to equilibrate in the
intermediate phase at T = 0.78. In Fig.5a we plot S(k, 0)
and S(0, k) for dierent system sizes. We observe that,
FIG. 6: Stati struture fators S(k, 0) and S(0, k) at T =
0.95 for dierent system sizes. The ontinuous lines orre-
spond to Lorentzian ttings f(k) = λ/((k − k0)
2 + λ2). The
upper inset shows the tted parameter k0 vs. L
−1
. The lower
inset shows that the maximum of S(~k) sales as L−2. It an
be also shown that the whole urve S(~k) sales as L−2, as
predited by Eq.(10).
while one of the two funtions remains almost zero for all
k, the other presents two symmetri peaks at k = ±k0
(only one is shown in the gure) whih are very well t-
ted by a Lorentz funtion, in agreement with Eq.(8). We
see that k0 saturates into a value k0 ≈ 1.48 while the
maxima (or equivalently the order parameter ηs) goes to
zero as L−1. Moreover, the data ollapse of the urves
for dierent values of L when 2 L(S(k, 0) + S(0, k)) is
plotted vs k/k0 (see Fig.5b) shows that the whole urves
sale as L−1 in agreement with Eq.(8); this onrms that
orrelation length does not depend on L in the thermo-
dynami limit and that the intermediate phase does not
present LRO, thus onrming its nemati harater. Fi-
nally, in Fig.6 we show S(k, 0) and S(0, k) for dierent
system sizes after equilibration in the tetragonal liquid
at T = 0.95. We see that both funtions present two
symmetri peaks at k = ±k0 (only those at k > 0 are
shown in the gure) whih are very well tted by Lorentz
funtions and that the maxima sale as L−2, in exellent
agreement with Eq.(10). Hene, we see that the stripe or-
der parameter allows, not only to distinguish long range
orientational order, but also disriminate between the
tetragonal and the nemati phases through its nite size
saling.
It is worth mentioning that the two-peak struture in
P (E) and P (η) assoiated with the nemati-tetragonal
phase transition an only be appreiated in both type
of histograms only for system sizes L ≥ 40. For system
sizes L < 40 the two peaks are so lose to eah other
that the phase transition annot longer be resolved. In
that situation the tetragonal and the nemati strutures
are almost indistinguishable, the latter appearing as a
slightly elongated tetragonal one
13
. While this strong -
6nite size eet disappears for system sizes L ≥ 40, there
still remain similar nite size eets assoiated with the
nemati-tetragonal phase transition up to system sizes
L = 64. This an be seen in Fig.7, where we show the
histograms for the energy and the order parameter for
L = 64 and dierent temperatures around that transi-
tion. If we look at the energy per spin histogram (Fig.7a)
we just see that the high energy peak beomes skewed to-
wards the right and broadens around T = 0.81 (ompare
with Fig.1). However, when looking at the orientational
order parameter histogram (Fig.7b) we see that the sin-
gle peak observed for smaller system sizes (see Fig.2) at
that temperature range splits for L = 64 into two dis-
tint peaks, one entered at |η| ≈ 0.8 and the other at
|η| ≈ 0.6. In Fig.3b we an see an example of a typial
spin onguration in the seond ase. We see that the
system still exhibits nemati order, the main dierene
with the onguration of Fig.3a being a higher density
of domain walls perpendiular to the underlying striped
struture (dislinations), whih redue the value of |η|.
These results suggest the existene of dierent nemati
phases separated by rst order phase transitions between
them. However, to verify this assumption muh larger
system sizes would be required.
Next, we onsidered the ase δ = 1, for whih the
ground state orresponds to a striped state with h = 1
and the transition temperature is loated around
11 T =
0.4. In Fig.8 we show the typial struture of the his-
tograms for the energy and the order parameter observed
for system sizes up to L = 48. While we do not see in
this ase a double peak struture in the energy per spin
histogram (Fig.8a) as in the δ = 2 ase, the broadening
of the energy histogram around T = 0.4 and its skewed
form at both sides of the transition, together with a slight
double peak struture of the orientational parameter (al-
though diult to see, the numerial data in Fig.8b show
the presene of a minimum for T = 0.401 between η = 0
and |η| ≈ 0.6) suggest a single rst order phase transi-
tion. Moreover, a diret inspetion of the typial spin
onguration assoiated with the dierent distributions
indiate a diret phase transition from the striped to the
tetragonal phase, without any trae of an intermediate
nemati state (notie that the loation of the maximum
of P (|η|) moves ontinuously towards one below the tran-
sition point). This senario will be onrmed by a diret
thermodynamial analysis in the next setion. However,
based in the previously observed nite size eets for
δ = 2, the possible existene of a nemati phase in a nar-
row range of temperatures for muh larger system sizes
annot be exluded.
III. PHASE TRANSITIONS
We now turn our attention to the stripe-nemati and
nemati-tetragonal phase transitions in the δ = 2 ase.
To haraterize them we analyzed the nite size saling
behavior of the moments of the energy, namely, the spe-
FIG. 7: Histograms for δ = 2 and L = 64, for tempera-
tures around the nemati-tetragonal transition. (a) Energy
per spin; temperatures from left to right: T = 0.804, 0.805,
0.807, 0.810 and 0.815. (b) Orientational order parameter;
same temperatures as in (a), but from right to left.
i heat and the fourth order umulant
C(L, T ) =
1
NT 2
(〈
H2
〉
− 〈H〉
2
)
(11)
V (L, T ) = 1−
〈
H4
〉
3 〈H2〉2
(12)
To hek the simulations results we also alulated the
average energy per spin u(T ) ≡ −〈H〉 /N and ompared
its derivative with respet to temperature with Eq.(11);
both results oinide within the numerial error. We also
analyzed the average of the absolute value of the orien-
tational order parameter 〈|η|〉 and the assoiated susep-
tibility
χη(L, T ) =
N
T
(〈
η2
〉
− 〈|η|〉
2
)
(13)
All these quantities were obtained from the orre-
sponding histograms for system sizes up to L = 64. In
Fig.9 we show the behavior of the energy moments and in
7FIG. 8: Histograms for δ = 1 and L = 48.(a) Energy per
spin; temperatures from left to right: T = 0.380, 0.390, 0.395,
0.399, 0.401, 0.405and 0.410. (b) Orientational order param-
eter; same temperatures as in (a), but from right to left.
Fig.10 of the average order parameter and its assoiated
suseptibility (the results for L = 64 are not shown for
larity).
We see that the spei heat shows two distintive
maxima at size-dependent pseudoritial temperatures
T c1 (L) < T
c
2 (L), while the fourth order umulant shows
two distintive minima at pseudoritial temperatures
T v1 (L) < T
v
2 (L), assoiated with the stripe-nemati and
the nemati-tetragonal transitions respetively (notie
that both the maximum at T c2 and the minimum at T
v
2
are almost unpereptive for L = 32). On the other hand,
the orientational order parameter shows jumps in be-
havior at eah transition, but the assoiated susepti-
bility only shows a lear size dependent maximum at a
sizedependent pseudoritial temperature T χ2 (L), or-
responding to the nematitetragonal transition. This is
onsistent with the fat the 90o rotational symmetry is
broken at this phase transition. Although a seond peak
seems to emerge at lower temperatures for the largest size
onsidered, it is very small and muh more larger system
sizes would be required to asses the presene of a size
dependent peak assoiated with the stripe-nemati tran-
sition. From Fig.11 we see that the pseudoritial tem-
peratures of the spei heat and the fourth order umu-
FIG. 9: Moments of the energy for δ = 2 and dierent system
sizes . (a) Spei heat Eq.(11); (b) Fourth order umulant
Eq.(12).
lant sale as T v1 (L) ∼ T1 +A1/L
2
, T c1 (L) ∼ T1 +B1/L
2
,
T v2 (L) ∼ T2+A2/L
2
, T c2 (L) ∼ T2+B2/L
2
, with A1 > B1
and A2 > B2. This is the expeted saling behavior
at rst order phase transitions
20,21
. The extrapolation
to L → ∞ gives the values T1 = 0.772 ± 0.002 and
T2 = 0.797± 0.005 showing that, although narrow, there
is a well resolved range of temperatures in whih the ne-
mati phase exists in the thermodynami limit. More-
over, from Fig.12 we also see that T χ2 (L) ∼ T2 + C/L
2
,
where the extrapolation to L→∞ gives the same value
for T2 as the previous alulation. This behavior is also
onsistent with a rst order phase transition
21
.
However, when looking at Fig.9 a lear dierene in -
nite size saling of the maxima of the spei heat and the
minima of the fourth order umulant between both tran-
sitions appears: while the minimum of V at T v2 rapidly
saturates at a onstant value when L→∞, the minimum
of V at T v1 shows saling behavior, approahing system-
atially to 2/3. From Fig.13 we see that the maximum
of the spei heat at T c2 inreases as L
2
for system sizes
up to L = 56, as expeted in a rst order transition, but
it shows a little departure from this behavior for L = 64.
8FIG. 10: Moments of the orientational order parameter
Eq.(2) for δ = 2 and dierent system sizes. (a) Average of
the absolute value; (b) Assoiated suseptibility Eq.(13).
However, suh departure is probably due to systemati
errors introdued by the presene of two phase transitions
(see setion II) that annot be resolved for small system
sizes. The saling of χη(T
χ
2 ) is similar to that of C(T
2
2 ).
On the other hand, the maximum of C at T c1 saturates
learly in a nite value when the system size inreases.
It an also be shown that 2/3− V (T v1 ) ∼ L
−2
. This be-
havior an be understood if we look at the energy per
spin histogram at the temperature where both maxima
have the same height. If we all estr(L) and enem(L) the
energies per spin at whih those maxima our, in a rst
order phase transition it is expeted that they will sale
as
21 estr(L) − ustr ∼ L
−1
and enem(L) − unem ∼ L
−1
,
ustr and unem being the spei internal energies of both
phases (the striped and the nemati ones, in this ase)
in the thermodynami limit. Then, the maximum of the
spei heat is expeted to sale in a two-dimensional
system as
21 C(T c1 ) ∼ L
2 (enem(L)− estr(L))
2
, while
2/3−V (T v1 ) ∼ (enem(L)− estr(L))
2
+O(L−2). In Fig.14
we see that estr(L) and enem(L) show the expeted
saling, but they onverge to the same value, so that
enem(L)− estr(L) ∼ L
−1
and this explains the observed
behaviors of the maximum of C and the minimum of
FIG. 11: Finite size saling of the pseudo-ritial tempera-
tures for the maxima of the spei heat (T c1 and T
c
2 ) and the
minima of the fourth order umulant (T v1 and T
v
2 ) for δ = 2
and system sizes up to L = 64. The inset shows a zoom of
the same urves around T2.
FIG. 12: Finite size saling of the pseudo-ritial tempera-
tures for the maxima of the suseptibility for δ = 2 and system
sizes up to L = 64.
V . This shows that the internal energy at the stripe-
nemati transition beomes ontinuous in the thermo-
dynami limit. However, a thermodynamial singularity
still develops in that limit. This an be seen by looking
at the saling of the free energy barrier between both
phases, whih an be alulated as
21
∆F = ln
(
Pmax
Pmin
)
(14)
where Pmax ≡ P (enem) = P (estr) is the value of the om-
mon maximum of energy per spin histogram and Pmin is
the value of the minimum between them. In Fig.15 we
see that ∆F ∼ L in both phase transitions, whih is
the expeted saling in a rst order phase transition
21
.
In partiular, in the ase of the stripe-nemati transi-
tion it means that, even when both states aquire the
9FIG. 13: Finite size saling of the maxima of the spei heat
at T c1 and T
c
2 for δ = 2 and system sizes up to L = 64.
FIG. 14: Finite size saling of the energies per spin at whih
both maxima in the orresponding probability distribution
our, for the stripenemati phase transition for δ = 2 and
system sizes up to L = 64; for every value of L the tempera-
ture is hosen suh that P (enem) = P (estr)
same energy, there is a divergent free energy barrier be-
tween them. Finally, we analyzed the dierene between
the values of the parameter η at whih the maxima in
the orresponding histogram our in the stripe-nemati
phase transition ∆η(L) = ηstr − ηnem. A nite size
saling analysis similar to the previous ones shows that
∆η(L) ∼ ∆η(∞) + D/L2, with ∆η(∞) = 0.075 ± 0.01.
Hene, a nite jump in this parameter, even small, per-
sists in the thermodynami limit, onsistently with the
disontinuous jump in the stripe order parameter already
observed in the previous setion.
A spei heat peak saturation has been observed nu-
merially in dierent systems exhibiting a KT type phase
transition, suh as the 2D XY model
22
and generaliza-
tions and the 1D Ising model with 1/r2 ferromagneti
interations
23,24
. This last model is partiularly interest-
ing, sine it presents long range order in the low tem-
FIG. 15: Finite size saling of the free energy barrier Eq.(14)
between phases in the stripenemati and the nemati
tetragonal phase transitions for δ = 2.
perature phase (at variane with the XY models, whih
present only short range order) and the order parame-
ter (magnetization) is disontinuous at the transition
25
,
in an analogous way to the model we are onsidering
here. However, an important dierene should be noted:
in the above mentioned examples of the KT transition
the extrapolation of the pseudo ritial temperature at
whih the maximum of the spei heat is loated ap-
pears slightly above the ritial temperature.
Next we onsidered the tetragonal-stripe phase transi-
tion in the ase δ = 1. As we have seen in setion II, the
equilibrium histograms suggest a weak rst order phase
transition. Sine a nite size saling approah would re-
quire system sizes muh larger than the allowed by the
present omputational apabilities, to onrm the sup-
posed rst order nature of the transition we onsidered
another type of approah.
Sine we know the value of the ground state energy
ug and also the asymptoti innite temperature inter-
nal energy, we an obtain the free energy for dierent
temperatures integrating the measured internal energies.
We heked that the internal energy is independent of
system size for 48 ≤ L ≤ 64, and we hose a N = 48× 48
lattie in order to measure internal energy. The equilib-
rium internal energy as a funtion of temperature for the
stripe and tetragonal phases are shown in Fig.(16). Using
this energy urve we t the stripe energy by a polyno-
mial funtion ustr(T ) = ug + a1T
a2 + a3T
a4 + a5T
a6
and
the tetragonal energy with a sum of hyperboli funtions
utetr(T ) = b0tanh(
b1
T ) + b2tanh(
b3
T ), whose parameters
are shown in the aption. By means of the thermody-
namial relation:
βf(β) = β0f0(β0) +
∫ β
β0
u(β)dβ, (15)
where β = 1/T and β0 = 1/T0, we obtained the free
energy per partile, f(β) for the striped and tetragonal
10
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FIG. 16: Internal energy per spin u versus T for δ = 1
and N = 48 × 48. Also shown best ts to the low tem-
perature stripe and high temperature tetragonal regions,
as desribed in the text. The best t parameters for
ustr are a1 = 1952.54; a2 = 10.8491; a3 = 10.8441; a4 =
5.73016; a5 = −58.0638 and a6 = 7.34061, and for utetr
are b0 = −1.47926; b1 = 0.0817682; b2 = 0.0559538 and
b3 = −3.05417. The ground state energy is ug = −0.4677.
phases (shown in Fig. (17)). The transition tempera-
ture is obtained by imposing fstr(T ) = ftetr(T ), whih
gives Tm = 0.404. The entropy is obtained diretly by
the thermodynamial relation s = − dfdT and the result is
shown in the Fig.(18). A weak rst order transition is
apparent, in agreement with the behavior of the energy
and order parameter histograms of Fig.8.
These results for the thermodynami funtions point
to a unique phase transition for δ = 1, from a high tem-
perature tetragonal liquid phase to a low temperature
striped phase. There is no trae of a third Ising nemati
phase as for δ = 2, at least for 48 ≤ L ≤ 64 system sizes.
This onlusion is natural in this ase where the equi-
librium low temperature phase orresponds to stripes of
width h = 1. One defets begin to emerge due to ther-
mal utuations, dislinations appear naturally and the
orientational order will rapidly deay , at variane with
the expeted behavior for wider stripes whih will be
more stable to the appearane of topologial defets.
IV. METASTABILITY
The presene of diverging free energy barriers between
the dierent phases found in the previous setion for
δ = 2 lead us to onsider the possible existene of dy-
namial metastable (i.e., quasistationary) states. To
this end, we performed ooling and heating numerial
alulations aording to the following protool. We rst
let the system equilibrate at a temperature high enough
0.38 0.39 0.4 0.41 0.42
T
−0.49
−0.485
−0.48
−0.475
−0.47
f
ftetr
fstr
Tm
FIG. 17: Free energy per spin f versus T for δ = 1. The
stripe and tetragonal free energies ross eah other around
Tm = 0.404. The funtions obtained from equation (15)
are fstr = ug +
a1
1−a2
T a2 + a3
1−a4
T a4 + a5
1−a6
T a6 and ftetr =
b0
b1
T ln(osh b1
T
) + b2
b3
T ln(osh b3
T
) − T ln(2), where β0 = 0 for
the tetragonal and β0 =∞ for the striped phase.
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FIG. 18: Entropy per spin s versus T for δ = 1. The slight
disontinuity at the transition temperature is onsequene of
a weak rst order phase transition.
to ensure that it is in the tetragonal liquid phase. We
then ooled the system at a xed ooling rate r, that is,
the temperature was dereased as T (t) = T0− r t, where
T0 is the initial temperature and the time t is measured
in MCS. The temperature was redued in every MC run
down to a value well below the range assoiated with the
dierent phase transitions, while reording at dierent
points the energy and the orientational order parameter
|η| of the system. Every urve was then averaged over
dierent initial onditions and dierent sequenes of the
11
random noise. For every system size we alulated those
urves for dereasing ooling rates until they beame in-
dependent of the ooling rate. In this way we simulated
a proess of quasi-stati ooling. One we obtained the
quasi-stati ooling urves we performed a quasi-stati
heating from zero temperature up to high temperatures,
starting from the ground state and using the same pro-
tool and the same rate r.
In g.19 we see an example of the quasi-stati ooling-
heating urves obtained for L = 48 with a ooling rate
r = 10−6; the results are ompared with the equilibrium
urves obtained in the previous setion. Similar results
were obtained for system sizes up to L = 64. We do
not observe super ooled tetragonal liquid states below
T2, but this is probably due to the relatively small val-
ues of the assoiated free energy barriers for the system
sizes here onsidered. On the other hand, we observe a
strong metastability assoiated with the stripenemati
phase transition, whih is onsistent with the observed
large free energy barriers. In partiular, we see that the
superooled nemati state is observed down to temper-
atures well below T1. To verify the quasi-equilibrium
nature of the metastable nemati states, we alulated
the two-times autoorrelation funtion
C(t1, t2) ≡
1
N
∑
i
〈Si(t1)Si(t2)〉 (16)
after a quasistati ooling to dierent temperatures
T < T1, down to T = 0.5, for dierent pairs of values
t1 < t2. In all the ases we found that C(t1, t2) depends
only on the dierene t2 − t1 (as expeted for a quasi
stationary proess), for time sales up to t = 106 MCS.
For larger time sales the nemati phase nally deay into
the striped one, apparently through a nuleation proess.
These results are not shown here, but a omplete desrip-
tion of those alulations will be published shortly
26
.
V. DISCUSSION
The main ontribution of this paper are the several
evidenes of the existene of nemati phases in an ul-
trathin magneti lm model, at least for some range of
values of the exhange to dipolar intensities ratio. These
results are in agreement with one of the two possible
senarios of the ritial behavior of those systems pre-
dited by the ontinuum approximation of Abanov and
oworkers
6
. Let us disuss rst the stripe-nemati phase
transition. Although the nite size saling behavior of
dierent quantities around that transition agree with
that expeted in a rst order transition, both the fat
that the energy beomes ontinuous and the saturation
of the spei heat maximum in the thermodynami limit
are unusual in a simple rst order transition, suggesting a
more omplex phenomenology. In fat, those properties
strongly resemble those observed in the 1/r2 one dimen-
sional Ising model transition point, namely, ontinuous
FIG. 19: Cooling-heating urves for δ = 2, L = 48 and
r = 10−6. The insets show the same urves for a wider range
of temperatures. (a) Average energy per spin (b) Average of
the absolute value of the orientational order parameter.
energy, disontinuous order parameter and saturation of
the spei heat maximum. These analogies suggest that
some KT type mehanism, probably assoiated with the
unbinding of disloations, ould be responsible of the ob-
served phenomenology, in agreement with Abanov and
oworkers predition. The observed rst-order-like nite
size saling behavior appears to be related with the dis-
ontinuous hange of the orientational order parameter at
the transition point in the thermodynami limit, whih
suggests the existene of a nite density of disloation
pairs. Indeed, we observed the presene of an inreas-
ing number of disloations pairs (bridges) in the striped
phase at T = T1 but, up to L = 72 system sizes we didn't
nd any evidene of QLRO (algebrai deaying orrela-
tions). One important onsequene of suh rst-order-
like phenomenology is the existene of diverging free en-
ergy barriers at that point, whih has an important phys-
ial impliation, namely, the possibility to obtain highly
stable superooled nemati states through ooling. This
opens the possibility of having omplex slow dynamial
behaviors after a sudden quenh, suh as those observed
12
in superooled moleular liquids. We are investigating
this problems and the results will be presented in a forth-
oming publiation
26
.
Conerning the nemati-tetragonal phase transition,
our results suggest a muh more omplex behavior than
the expeted from Abanov et al. results, who onje-
tured a seond order phase transition. Although our re-
sults are inonlusive due to the presene of strong nite
size eets, they suggest a omplex phase diagram with
multiple nemati phases, separated by rst order tran-
sition lines, similar to that enountered by Grousson et
al
27
in a related model, the 3D Coulomb frustrated Ising
ferromagnet. However, the departure from the expeted
rst order nite size saling observed for L = 64 in the
maximum of the spei heat (see Fig.13) and the sus-
eptibility, ould be an indiation of a behavior similar
to that observed in the stripe-nemati transition. Hene,
the possibility of a nemati-tetragonal KT phase tran-
sition, assoiated with a dislination unbinding meha-
nism, annot be exluded. A similar senario appears in a
related problem, namely, the two-dimensional melting
28
.
On the other hand, the Hartree approximation of the
Landau-Ginzburg version of the present model predits
a utuation indued rst order phase transition
13
for
any value of δ.
The ase of small exhange/dipolar ratio is simpler in
the sense that only one transition is observed from a
stripe phase diretly to a tetragonal liquid phase. We
obtained evidene that this transition is a weak rst or-
der one.
Although we have analyzed the ritial behavior of this
system for relatively small values of the exhange/dipolar
ratio (δ = 1 and δ = 2), the present results may help to
understand the ritial behavior for larger values. Booth
and oworkers
5
analyzed the behavior of the spei heat
and the orientational order parameter for δ = 3 and
δ = 4.45 and system sizes up to L = 64. While their re-
sults suggest a ontinuous stripe-tetragonal phase transi-
tion, numerial results based on time series analysis from
Casartelli and oworkers
14
, for the same parameters and
system sizes, indiate that the transition is rst order.
For those values of δ the stable low temperature phase
is omposed by stripes with a larger width (h = 4), so
muh more larger system sizes would be required to allow
the appearane of a large density of topologial defets
(disloations and dislinations of the stripes). Therefore,
for larger system sizes one ould expet a senario simi-
lar to that observed for δ = 2, namely, the appearane of
nemati order in a narrow range of temperatures.
The experimental veriation of the dierent transi-
tions and phases suggested by theory and simulations is
an important hallenge whih an be reahed in the near
future due to the emergene of new observation teh-
niques.
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